ABSTRACT. The eccentricity e(v) of vertex v is defined as a distance to a farthest vertex from v. The radius of a graph G is defined as r(G) = min
Introduction
One of the interesting questions arising in extremal graph theory is the effect upon radius of a graph when an edge or vertex is removed from such graph. This type of knowledge can be viewed as a measure of stability of a graphespecially when radius does not change. Some properties of such graphs were examined in papers [1] and [3] , [6] , [8] . The present work concentrates on the maximum number of edges of such graphs.
All graphs considered in this paper are undirected, finite, without loops or multiple edges. Let G be a graph. Then V (G) denotes the vertex set of G; E(G) the edge set of G; deg G (v) ( Radius r(G) is the minimum eccentricity, while d(G) denotes the diameter of G -the maximum eccentricity. The centre C(G) is the set of vertices with minimum eccentricity. A graph G is said to be self-centered if V (G) = C(G). The notions and notations not defined here are used according to the book [2] .
Ò Ø ÓÒº A graph G is:
radius-edge-invariant if r(G − e) = r(G) for every e ∈ E(G); radius-vertex-invariant if r(G − v) = r(G) for every v ∈ V (G).
The purpose of this paper is to prove the upper bounds for the number of edges of radius-edge-invariant and radius-vertex-invariant graphs with given radius. We prove that every radius-edge-invariant graph with n vertices and radius r has at most edges if r ≥ 3. All these bounds are sharp. In Section 2, we begin with some preliminary results which will be needed to prove our main theorems. These are proved in Section 3.
Preliminary results
A k-depth spanning tree of a graph G is a spanning tree of G of height k. Obviously k ≥ r. If k = r(G), such trees must be rooted at a central vertex. A breadth first search algorithm beginning with any vertex v such that e(v) = k will always produce a k-depth spanning tree. Moreover, if d(u, v) = i then u belongs to level i. In other words u belongs to level i iff u ∈ N i (v). We will consider only breadth first search depth spanning trees later in this paper.
Ä ÑÑ 1º Let G be a radius-vertex-invariant graph with n vertices and radius r.
Then ∆(G) ≤ n − 2r + 1. P r o o f. Consider a k-depth spanning tree rooted at arbitrary vertex v. Since G is radius-vertex-invariant, there exist at least two vertices on level r or higher, and at least two vertices at every lower level because G has no cutvertices. As v could be adjacent only with vertices at level 1, the theorem holds.
As a consequence we have that if G is radius-vertex-invariant, then |V (G)| ≥ 2r + 1. Note that in every graph G with radius r we have ∆(G) ≤ n − 2r + 2, see [7] . Proof of the following lemma was given by V i z i n g in [7] , too.
Ä ÑÑ 2º Let G be a graph with n vertices and radius r ≥ 3. Let x and y be
Let G and G be disjoint graphs and let u ∈ V (G ). We say that a graph H is a substitution of G into G in place of u, if the vertex set V (H) = (V (G ) − {u} ∪ V (G)) and the edge set E(H) consists of all edges of the graphs G − {u} and G and, moreover, every vertex of G is joined to every vertex from the neighbourhood of u in G .
Let n ≥ 2r ≥ 2. We denote f e (n, r) the maximum number of edges which could appear in radius-edge-invariant graph, f v (n, r) the maximum number of edges which could appear in radius-vertex-invariant graph and f (n, r) the maximum number of edges in arbitrary graph with n vertices and radius r. A graph with n vertices, radius r and f (n, r) edges will be denoted as C(n, r). Similarly, maximal radius-edge-invariant and radius-vertex-invariant graphs will be denoted as C e (n, r) and C v (n, r), respectively.
We will need the following theorem of V i z i n g [7] :
P r o o f. It is obvious for r = 1. Consider the graph C v (n, r) and the graph G obtained from C v (n, r) by substituting the complete graph K 2 for an arbitrary
Consider a graph G (see Figure 1 ) which arises by substituting the complete graph K n−2r for one vertex of a cycle C 2r+1 . G is radius-vertex-invariant of radius r and
ONDREJ VACEK Figure 1 Hence,
We will use denotation
later in this paper. Let F be a graph and let g be a vertex of F with the neighbourhood N (g) = {h 1 , . . . , h m } ∈ V (F ). We will say that the vertex g is omitted from F (denotation F @g, see Figure 2 ) if we construct a graph F = F @g in the following way:
A similar operation called smoothing is used regularly and can be defined likewise but for vertices of degree 2 only (see [5] ).
It is clear that if some vertex g is omitted from the graph F , then for all
For all g, h ∈ V (G) we have (G@g)@h ∼ = (G@h)@g. We will briefly denote (G@g)@h as G@g, h. If G is radius-vertex-invariant, then we could use the same arguments as above for the graph
Ä ÑÑ 5º Let G be a graph of radius r and let
If G is a graph with n = 2r + 1 vertices and with at least 2r + 2 edges, then it contains at least one vertex of degree at least 3. But for every radius-vertex-invariant graph G and every vertex v ∈ V (G) we have
Thus if |V (G)| = 2r + 1 and |E(G)| > 2r + 1, then G is not radius-vertexinvariant. If G is radius-vertex-invariant, then it has no cutvertices and therefore
P r o o f. We first recall [7] that in every graph of radius 3 we have at least 3 disjoint pairs of vertices
. We distinguish the following cases depending on the maximum degree in G:
by Lemma 2. There also are n − 6 additional vertices in G and thus
If i = 1 and n = 7, then ∆(G) = 0 and |E(G)| = 0. In all other cases 6i−in+2 2
2) ∆(G) = n − 6: According to Lemma 2 we have at least one vertex of degree 4 or less. Suppose
Consider the first case. Given assumption,
In the second case we have We have either w ∈ V (G), deg(w) ≤ 3 or n ≥ 12. Consider the graph G − w, deg(w) = 3 + i, i ∈ {0, 1}. Since r(G − w) = 3, similarly as in the previous case we get
where i = 0, or both i = 1 and n ≥ 12.
In such manner if n = 9 we have ∆(G) = 3 and
We first describe some properties of such graphs: Let v be a vertex such that deg(v) = n − 5. It is obvious that we have n − 5 vertices at distance 1 from v and, as G is radius-vertex-invariant, two vertices a 1 , a 2 such that d(v, a i ) = 2 and two other vertices Figure 4 , a-edge 1), a contradiction. With the same argument we can show that a 1 a 2 / ∈ E(G).
Hence, there is a set K ⊆ V (G) of k vertices adjacent to v and not adjacent to a 1 nor a 2 and two nonempty sets L, M ⊆ V (G) with l (m) vertices adjacent to v and a 1 (v and a 2 ). We have k + l + m = n − 5 and we know that vertices from L are not adjacent to those in M . Thus a subgraph S 1 generated by the ONDREJ VACEK Figure 4 set of vertices
− lm edges. G has also some additional edges: l edges joining L and a 1 , m edges joining M and a 2 and at most 3 edges between a 1 , a 2 , b 1 , b 2 . No other edges appear in G. But then
where (m + l − ml) ≤ 1 for any m, l, n ∈ N 0 . Thus
To obtain a radius-vertex-invariant graph of radius 3 with g(n, 3) edges it is sufficient to take C 7 and K n−6 in the graph depicted in Figure 1 . This completes the proof.
Ä ÑÑ 8º Let G be a radius-vertex-invariant graph with n vertices and radius
we have (as Figure 5 ) equal to deg(v). It is sufficient to take u ∈ N 1 (v), u = w to obtain three pairs of vertices such that
∈ {w, w , u, v}). All other vertices have degree at most n − 9 and thus
At last let r > 4, n = 3r + i, i ∈ N 0 . Consider n given different pairs {p i , q i } of vertices such that d(p i , q i ) ≥ r. Every v belongs to exactly two pairs, each of these pairs have at most n − 3r + 7 edges and thus
We have n(n − 3r + 7) 4 = n 2 − 3nr + 7n 
THE NUMBER OF EDGES OF RADIUS-INVARIANT GRAPHS
Since r ≥ 5, 7 − 2r − i ≤ −3 and obviously i 2 ≥ i we have
|E(G)| ≤ g(n, r).
According to the proof of the part (L8b) we can claim the following observation:
Ä ÑÑ 9º Let G be a radius-vertex-invariant graph with n vertices and radius
At last we will need the following well-known theorem of Hall (see [5] 
The bounds
P r o o f. The bounds are the same as Vizing's. The radius-edge-invariant graphs of radius 1, 2 and r of the upper bound are K n for r = 1, a graph with all vertices of degree n − 2 for r = 2, n = 2k, a graph with n − 1 vertices of degree n − 2 and one vertex of degree n − 3 for r = 2, n = 2k + 1 and a graph which arises by substituting the complete graph K n−2r+1 for one vertex of a cycle C 2r (see Figure 7) . Thus we have the demanded equality.
The bounds for radius-vertex-invariant graphs are somewhat different.
P r o o f. The first case is obvious. The second is an immediate consequence of the fact that a radius-vertex-invariant graph of radius 2 has no vertex of degree
as it was shown in the proof of Lemma 4 (see the graph in Figure 1 ). We will prove the opposite inequality f v (n, r) ≤ g(n, r) by the double induction on r and n.
Base of induction:
According to Lemma 6
According to Lemma 7
Induction step:
Now show that if the inequality f v (n, r) ≤ g(n, r) holds for all radius-vertexinvariant graphs of radius r − 1 and for all radius-vertex-invariant graphs with fewer than n vertices and radius r, then it holds also for any radius-vertexinvariant graph G with n vertices and radius r. We consider the following cases depending on the structure of G:
(B) There exists v ∈ V (G) and u ∈ V (G−v) such that ∞ > r(G−v−u) > r(G).

Suppose none of the previous holds-let for all v ∈ V (G) the graph G − v is not radius-vertex-invariant and let there is no u ∈ V (G − v) such that ∞ > r(G − v − u) > r(G). Let moreover: THE NUMBER OF EDGES OF RADIUS-INVARIANT GRAPHS
At last suppose that for all v ∈ V (G) there is no vertex 
As it was shown by V i z i n g (Theorem 1), for every graph H with n−2 vertices and radius r + i we have
Moreover, since r(
(C): Let a 1 and a 2 be two vertices such that G − a 1 − a 2 is not connected. This is the most complicated case and we will divide it into five subcases as follows: (a 1 , a 2 ) ∈ {1, 2} and there is v ∈ C(G) having |N i (v)| = 2 for some 1 < i < r.
, a 1 and a 2 have no common neighbours.
Since a 1 is a cutvertex of G − a 2 we have at least two sets A 11 , A 12 of vertices such that A 11 ∪ A 12 = N (a 1 ), A 11 ∩ A 12 = {∅}, A 11 = {∅}, A 12 = {∅} and no vertex of A 11 is adjacent to a vertex of A 12 . Similarly we can form two sets A 21 , A 22 for the vertex a 2 . As d(a 1 , a 2 Thus
Otherwise we have that r(G@a 1 , a 2 ) = r(G) − 1 by Lemma 5. There is no vertex u ∈ G@a 1 , a 2 such that u is a cutvertex of the graph G@a 1 , a 2 . Otherwise u is a cutvertex of G. If there exists a vertex w ∈ G@a 1 , a 2 such that r(G@a 1 , a 2 −w) ≥ r(G), then |V (G)| ≥ 2r + 3 and thus
Otherwise G@a 1 , a 2 is radius-vertex-invariant of radius r − 1. Together with induction assumption we have that
THE NUMBER OF EDGES OF RADIUS-INVARIANT GRAPHS
Since G is radius-vertex-invariant we have |N ( Thus for every c ∈ V (G) we have at least two pairs {c, v 1 }, {c, v 2 } of vertices containing c which removal will decrease the radius of G. It follows that we can form at least m ≥ n such pairs in G. Suppose that we assign every pair {u 1 , u 2 } with the central vertex c such that e G−u 1 −u 2 (c ) = r − 1.
We can assign every vertex c of G with at most one of these pairs, but every pair must be assigned with at least one central vertex. Since there are m ≥ n pairs and n central vertices we have that m = n and thus every vertex belongs to exactly two pairs.
We can denote the pairs of vertices which removal decreases the radius of G as S 1 , . . . , S n . Since all k sets S i 1 , . . . , S i k taken from S 1 , . . . , S n have 2 elements and every vertex belongs to at most two such sets, we have
But then from Hall's theorem we can find a system of distinct representatives (i.e., for every set Thus if for any u and v such that v ∈ C(G) we have r( It is clear that deg( Using the same argument we can show that neither a 1 , nor a 2 is adjacent to all vertices on level i + 1 but every vertex on level i + 1 is adjacent to a 1 or a 2 . Let there be the set A of vertices on level i − 1 adjacent to a 1 , the set B of vertices on level i − 1 adjacent to a 2 and sets C, D, E of vertices on level i + 1 adjacent to a 1 , a 1 and a 2 , a 2 , 
